Abstract-An ultrasound-based method to locally assess the shear modulus of a medium is reported. The proposed approach is based on the application of an impulse acoustic radiation force to an inhomogeneity in the medium and subsequent monitoring of the spatio-temporal response. In our experimental studies, a short pulse produced by a 1.5-MHz highly focused ultrasound transducer was used to initiate the motion of a rigid sphere embedded into an elastic medium. Another 25 MHz focused ultrasound transducer operating in pulse-echo mode was used to track the displacement of the sphere. The experiments were performed in gel phantoms with varying shear modulus to demonstrate the relationship between the displacement of the sphere and shear modulus of the surrounding medium. Because the magnitude of acoustic force applied to sphere depends on the acoustic material properties and, therefore, cannot be used to assess the absolute value of shear modulus, the temporal behavior of the displacement of the sphere was analyzed. The results of this study indicate that there is a strong correlation between the shear modulus of a medium and spatio-temporal characteristics of the motion of the rigid sphere embedded in this medium. To assess biomedical properties of tissues, several research groups are actively investigating acoustic radiation force methods. The applications of acoustic radiation force include various elasticity imaging methods [7] -[11], characterization of lesions [12] , screening of muscles [13] , and imaging the calcification of arteries [14] . In most cases, the shear modulus of tissue is quantified from the tissue response measured outside the region of excitation (roE) [15] . The estimation of the shear modulus is based on the measurements of the speed of shear waves originated within and propagated away from the roE. This approach assumes that the dispersion of the shear wave is negligible over the analyzed region and the tissue near the roE is homogeneous. The shear wave velocity can be estimated using several methods including inversion of the Helmholtz equation [16] [24] based on the displacement measured within roE. However, a common problem in such acoustic radiation force-based imaging techniques is that the magnitude of the force applied to any targets depends on acoustic properties of the medium because ultrasound waves attenuate unpredictably as they propagate deeper into tissue. Therefore, the reliable reconstruction of shear moduli is hampered by the fact that the amplitude of the displacement depends on the acoustic attenuation of the medium. To overcome this problem, temporal characteristics of the displacement can be used [25] .
I. Introduction b iomechanical properties of soft tissues have been of increasing interest in medical diagnostics and surgery. often, there is a significant correlation between a disease and local changes of biomechanical properties of tissue [1]- [3] . In addition, the biomechanical properties of tissues may be changing with age, resulting in undesirable functional changes [4] [5] [6] .
To assess biomedical properties of tissues, several research groups are actively investigating acoustic radiation force methods. The applications of acoustic radiation force include various elasticity imaging methods [7] [8] [9] [10] [11] , characterization of lesions [12] , screening of muscles [13] , and imaging the calcification of arteries [14] . In most cases, the shear modulus of tissue is quantified from the tissue response measured outside the region of excitation (roE) [15] . The estimation of the shear modulus is based on the measurements of the speed of shear waves originated within and propagated away from the roE. This approach assumes that the dispersion of the shear wave is negligible over the analyzed region and the tissue near the roE is homogeneous. The shear wave velocity can be estimated using several methods including inversion of the Helmholtz equation [16] , [17] , ultrasonically tracked jitter of displacement fields associated with shear waves [18] , [19] , correlation-based algorithms [20] , [21] , and lateral timeto-peak displacement algorithm [22] . note that the shear waves propagate orthogonally to the direction in which the acoustic radiation force is applied [22] .
alternatively, the shear modulus can be estimated directly within the roE [7] , [11] , [14] , [23] , [24] based on the displacement measured within roE. However, a common problem in such acoustic radiation force-based imaging techniques is that the magnitude of the force applied to any targets depends on acoustic properties of the medium because ultrasound waves attenuate unpredictably as they propagate deeper into tissue. Therefore, the reliable reconstruction of shear moduli is hampered by the fact that the amplitude of the displacement depends on the acoustic attenuation of the medium. To overcome this problem, temporal characteristics of the displacement can be used [25] .
The temporal parameters of the roE displacement in response to applied acoustic radiation force has been considered previously by sarvazyan et al. [26] ; the authors demonstrated that measurements of the time required for the displacement to reach maximum at the focal point can be used for shear modulus estimation and the rate of the displacement decrease depends on the tissue viscosity. Furthermore, Palmeri et al. [10] has applied finite element analysis to investigate time-dependent displacements of the roE in homogeneous media characterized by different shear elastic moduli-the experiments demonstrated a correlation between shear elasticity and temporal parameters of the displacements. In this paper, we further examine the relationship between temporal characteristics of the displacement and mechanical properties of the tissue using analytical (integral-based) solution of the equation of motion and, more importantly, consider reconstruction of the mechanical properties of medium from the temporal behavior of the displacement.
The displacement of the medium can be achieved based on both absorption of ultrasound waves into media [24] , [26] [27] [28] [29] and reflection of ultrasound from inhomogeneities in media such as gas bubbles [30] and rigid spheres [31] , [32] , For example, if there is an acoustic inhomogeneity (such as a bubble or solid sphere) present in tissue, the temporal behavior of the displacement of the inhomogeneity can be indicative of the mechanical properties of a medium surrounding the inhomogeneity. oscillations of a solid sphere placed in a viscoelastic medium were theoretically considered by oestreicher [33] . This approach has been applied in the theoretical investigation of the behavior of the solid spheres with different diameters and densities [32] , [34] . a more general approach to estimate the spatio-temporal behavior of spherical objects (solid spheres and gas bubbles) in a viscoelastic media in response to acoustic radiation force has been theoretically described by Ilinskii et al. [35] . The results of these studies [32] [33] [34] [35] demonstrate that the mechanical response of gas bubbles and solid spheres under radiation force is related to the viscoelastic properties of the surrounding media and can be used to determine the local mechanical properties of the material. However, reconstruction of the elastic properties of tissue-like medium from the spatio-temporal characteristics of a sphere motion has not been fully considered.
In this paper we further investigate the inverse problem, a reconstruction of the mechanical properties of medium from the displacement of the sphere in response to applied radiation force. While both shear elasticity and viscosity can be estimated from the spatio-temporal measurements of sphere motion, this paper is primarily focused on the reconstruction of shear elasticity. specifically, assuming that the parameters of a sphere and the duration of acoustic radiation force pulse are known, the shear modulus of the surrounding tissue is reconstructed independently of the acoustic force magnitude. The experiments were performed using a rigid sphere embedded in a soft tissue-mimicking phantom. The motion of this sphere was initiated by radiation force from an excitation ultrasound transducer. The displacement of the sphere was measured using an imaging ultrasound transducer. The local elastic properties of the surrounding material were estimated from the temporal characteristics of the sphere motion and found to be almost independent from the shear viscosity over a large range. The reconstructed values of the shear elasticity were then compared with results of direct measurements of the mechanical properties of the material. our results suggest the unambiguous relationship between the shear modulus of the phantom material and the temporal parameters of the sphere displacement in response to the impulsive acoustic radiation force.
II. Theoretical background
The displacement of a solid sphere or a gas bubble in response to a time-dependent acoustic radiation force has been considered previously [32] [33] [34] . because most soft tissues and tissue-like materials can be considered incompressible [36] and assuming linear viscoelasticity, the equation of motion for a surrounding tissue can be written in the following form:
where  U is a displacement vector, μ and η are shear elasticity and viscosity, P is an internal pressure, ρ is medium density and t is time. It is assumed that the solid sphere is a non-deformable object. In the spherical system of coordinates, the displacement vector has the following components
assuming that a field of the radiation force is axisymmetric, and the r-axis of the spherical system of coordinates is along the direction of acoustic radiation force, U φ = 0 and boundary conditions at the surface of a sphere with a radius R in the spherical system of coordinates are
Here U 0 is a displacement of sphere and θ is an angle between the r-axis and displacement vector of the sphere. an applied radiation force on a displaced spherical object can be written as [37] :
where σ rr and σ rθ are stress tensor components on the surface of the object:
The solution of (1)- (4) is described elsewhere [32] . assume that the applied radiation force is impulsive such that the magnitude of the radiation force applied to the sphere is F 0 and its duration is t 0 , the displacement of a rigid sphere in a viscoelastic media is given by: 
where k 2 = (ρω 2 )/(μ − iωη) is a complex wave number, and β = ρ s /ρ is a normalized density ρ s of a solid sphere. The integral in (5) can be evaluated numerically. both shear viscosity and elasticity coefficients in (5) are present in explicit form and together with the parameters of the solid sphere and the surrounding medium define the spatio-temporal behavior of the sphere. a magnitude of the displacement is also proportional to a magnitude of the radiation force F 0 applied to the sphere. Generally, however, the applied force F 0 is unknown because of attenuation of ultrasound waves and the difference of the acoustic impedances of sphere and surrounding medium. Therefore, shear elasticity and viscosity may not be reliably assessed from the displacement magnitude unless the force F 0 is known. This is true regardless of the duration of the radiation force [35] . In contrast, the magnitude of applied force is not under the integral in (5), indicating that it does not affect the temporal behavior of the sphere. Therefore, shear moduli may be evaluated from the temporal characteristics of the displacement of the sphere.
reconstruction of both shear elasticity and shear viscosity can be now posed as a minimization problem. First, the displacement of the sphere U(t) in response to the impulsive radiation force with duration of t 0 is measured. Then, assuming that the density of the surrounding tissue and the sphere's radius and density are known, this displacement is also predicted theoretically using (5). The unknown shear elasticity μ and shear viscosity η can be estimated by minimizing the difference between the measured and calculated displacements.
III. materials and methods
The photograph of the experimental setup consisting of a low-frequency excitation transducer, gelatin phantom with an embedded sphere and a high-frequency imaging transducer is shown in Fig. 1 . The excitation transducer was tightly attached to a plastic tank containing a phantom made of 3% gelatin (type a, sigma-aldrich, Inc., st. louis, mo). The size of the phantom was 55 × 55 × 50 mm (length × width × height). The 3-mm diameter optical ball lens (Edmund optics, Inc., barrington, nJ), acting as a target rigid sphere, was positioned in the middle of the phantom. The density of the sphere material (lasFn9 glass) was measured to be 4440 ± 20 kg/m 3 . The imaging transducer was positioned on the top of the phantom facing the excitation transducer (Fig. 1) . Foci of both transducers coincided at the location of the solid sphere.
To generate acoustic radiation force, the 1.5-mHz single-element focused transducer (valpey Fisher, Inc., Hopkinton, ma) was used. The transducer had a circular aperture of 38.1 mm and a focal length of 44.5 mm. This transducer was operated using a function generator (model 33250a, agilent Technologies, Inc., santa clara, ca) connected to an rF power amplifier (model 240l, EnI, Inc., rochester, ny). The function generator provided bursts of 1.5-mHz sinusoidal signals with a duration of 0.667 ms (or 1000 periods of 1.5 mHz sinusoid). The peak-to-peak amplitude of the bursts was 1 v unless specified otherwise. The rF amplifier increased the magnitude of the bursts 350 times or by 25.4 db.
To detect the motion, the sphere was imaged using the 25-mHz single-element high-focused transducer (model v324, Panametrics, Inc., Waltham, ma) with 60% bandwidth. This transducer had the focal length of 12.7 mm and F-number of 2. This transducer, connected to a pulserreceiver (model 5910Pr, Panametrics, Inc.), was operated at a pulse repetition rate of 20 kHz to allow the tracking of the sphere motion every 50 µs. The echo signals were acquired by an 8-bit 500 ms/s analog-digital acquisition card (compuscope 8500, Gage applied Technologies, Inc., lockport, Il) and processed off-line.
both the function generator and the data acquisition card were synchronized using an external trigger while the imaging transducer was operated continuously. The 500-µs delay between trigger and actual applied radiation force was provided to obtain pulse-echo signals before the sphere motion was initiated to calculate the initial position of the sphere. displacements of the sphere in time were calculated using a phase-sensitive, cross-correlation motion tracking algorithm [38] .
The values of reconstructed shear moduli were simultaneously compared with those measured directly using the phantom. a cylindrical 35-mm diameter, 17-mm high control sample of gelatin was prepared for direct uniaxial load-displacement measurement using an In-spec 2200 benchtop portable tester (Instron, Inc., norwood, ma). The control sample was deformed up to 10% with 0.2 mm/s speed of deformation. To evaluate the accuracy of measurements, each measurement was repeated 5 times and the sample was repositioned in the tester between the measurements.
To change a shear modulus of the phantom while maintaining the same position of foci and the sphere, the temperature of the phantom was varied in the 12 to 22°c range. The temperature of the phantom was controlled during the experiments by an electronic thermometer with an accuracy of 1°c embedded into the phantom. mea- surements of both the sphere displacement and the direct measurements of shear elastic modulus were performed within the range of 12 to 22°c at 1° increments. The accuracy of the measurements of shear modulus using acoustic radiation force was evaluated over the entire temperature range, and the maximum value of standard deviation was used to analyze the error.
Iv. results and discussion
The dependence of the shear elastic modulus of 3% gelatin sample on temperature, measured using the uniaxial load-displacement test, is shown in Fig. 2 . Within the 12 to 22°c range, the dependence is monotonic and shear modulus of the gelatin decreases from 2.6 to 1.0 kPa. as expected, the gelatin phantom becomes softer as the temperature rises.
The displacements of the solid sphere in the phantom measured at 3 different temperatures (12, 17, and 21°c) are shown in Fig. 3(a) . These temperatures correspond to the shear moduli 2600, 2150, and 1250 Pa, respectively. The experimental results indicate that the sphere displaces more in the softer phantom.
The average shear viscous modulus η of gelatin, evaluated using (5), was about 0.1 Pa·s with a standard deviation of 50%. Given the sensitivity of these measurements, no significant change of shear viscosity was observed within the 12 to 22°c temperature range. a similar value of shear viscosity was also reported in the literature [27] for 4% gelatin phantoms and is reasonably close to values of shear viscosity for 12% gelatin phantoms stored at room temperature [39] . Therefore, shear viscosity of 0.1 Pa·s was used in theoretical calculations and estimation of tissue elasticity. The displacements of the sphere, modeled using (5), are shown in Fig. 3(b) . The density of the gelatin was taken as 1000 kg/m 3 .
The variations of the sphere parameters and the density of the surrounding medium with the temperature were neglected. To match the magnitudes of the experimental [ Fig.  3(a) ] and theoretical [ Fig. 3(b) ] displacements of the sphere for all values of shear moduli, the magnitude of acoustic radiation force applied to the sphere was chosen to be 5.5 mn. These calculated displacements are in good agreement with the experimental results and indicate that, as expected, the maximum displacement of the sphere is inversely proportional to the shear modulus of the phantom.
The dependence of the maximum displacement of the sphere on the shear modulus of the gelatin is presented in Fig. 4 . These maximum displacements of sphere were also calculated theoretically using (5) for shear moduli within 1.0 to 2.6 kPa range and shear viscosity η = 0.1 Pa·s. The experimental measurements agree well with theoretical modeling.
Unfortunately, to assess tissue elasticity, the measurements of the maximum displacement can be employed only if the magnitude of the acoustic radiation force applied to the sphere is known. However, the magnitude of radiation force is generally unknown because of attenuation of ultrasound waves traveling from the transducer to the acoustic inhomogeneity and the differences in acoustic impedances between tissue and the inhomogeneity [40] . Therefore, the maximum value of the displacement depends not only on the shear modulus but also on the magnitude of the radiation force applied to the sphere. This is further demonstrated in Fig. 5 , where the displacements of the sphere initiated by acoustic forces of different magnitudes are shown. The temperature of the phantom was 24°c in all measurements and the corresponding 700 Pa shear modulus, therefore, remained the same. clearly, the maximum displacement definitely depends on the magnitude of the applied radiation force and, therefore, cannot be used to determine the shear modulus.
However, while the change of magnitude of an applied radiation force results in the change of the maximum value of the sphere displacement, time τ max , defined as a time required for the sphere to reach the maximum displacement, remains the same (Fig. 5) . correspondingly, in a medium with higher shear modulus, the time τ max is smaller (Fig.  3) . Therefore, this time τ max is unambiguously related to the shear modulus.
The relationship between the time τ max and the shear modulus of the surrounding medium is shown in Fig. 6 , where the measurements are compared with theoretical predictions. note that the magnitude of applied radiation force does not affect the results in Fig. 6 and the dependence remains exactly the same independently of the force magnitude.
The dependence of time τ max on the shear modulus exhibits monotonic behavior indicating the unique relationship between these parameters. Therefore, the shear modulus of the medium surrounding the rigid sphere can be assessed using a temporal (i.e., based on measurements of time of maximum displacement τ max ) rather than a spatial (i.e., based on assessment of maximum displacement magnitude of the sphere) approach. The dependence will change with the size and the density of acoustic inhomogeneity but it will remain monotonic. For example, a bubble, induced by nano-or femtosecond laser pulse, can be such an acoustic inhomogeneity. once the bubble reaches equilibrium, the radius of the bubble can be measured using the same imaging transducer and the ultrasound technique is described elsewhere [41] , [42] . The duration of acoustic force pulse should be reasonably long to produce measurable motion of an acoustic inhomogeneity and reasonably short to avoid the inhomogeneity to reach the saturation of the displacement where the acoustic radiation force and elastic forces from the medium compensate each other. To assess the shear modulus, the measured displacement of the inhomogeneity can be approximated such that the calculated time τ max matches the experimentally measured value [35] . once the match is achieved, the fitting parameter-the shear modulus of the surrounding medium-will be estimated.
It is important to note that the dependence of time τ max on the shear elastic modulus is largely independent of shear viscosity. The theoretically calculated displacements of the sphere embedded in phantom with shear elasticity of 1 kPa are shown in Fig. 7 . The shear viscosity of the phantom material was set to be 0 (purely elastic phantom), 1, and 2 Pa·s, respectively. The results presented in Fig. 7 show that shear viscosity reduces the magnitude of the displacement but it does not significantly affect the time τ max , and, therefore, the accuracy of shear elastic modulus estimation. For example, even for 10-fold increase of shear viscosity (from 0.1 to 1 Pa·s), the elasticity estimate changes only by 3%. on the contrary, once the displacement reaches the maximum (i.e., after the time τ max ), the temporal behavior of the sphere is significantly influenced by the shear viscosity. Indeed, higher shear viscosity reduces the displacement oscillations; for high shear viscosity, the displacement of the sphere becomes aperiodic. Therefore, the results presented in Fig. 7 indicate that both shear elasticity and shear viscosity can be estimated from spatio-temporal behavior of the sphere and, generally, acoustic inhomogeneity within the tissue. However, studies using sophisticated tissue-mimicking phantoms with shear viscosity close to that of soft tissues (from 0.2 to 15 Pa·s [33] , [43] , [44] ) are required to further evaluate the simultaneous reconstruction of shear elasticity and shear viscosity of tissue. a comparison of shear moduli, directly measured using the load-displacement method and assessed from the acoustic radiation force measurements, is shown in Fig. 8 . The standard deviation did not exceed 5.8% in the entire data set.
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